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(ii) $X=\{s_{1,2,n}S\cdots, s\},$ $U=\{a_{1}, a_{2}, \cdots, a_{m}\}$
(iii) $x_{n}\in X(n=1,2, \cdots, N+1),$ $u_{n}\in U(n=1,2, \cdots, N)$ $n$
(iv) $\nu_{n}$ : $X\cross Uarrow \mathrm{R}$ $n$ $X\mathrm{x}U$ $R_{n}$
$\nu_{n}(x_{n}, u_{n})=\mu_{R_{n}}(x_{n}, u_{n})$ $n=1,2,$ $\cdots,$ $N$
(v) $\xi$ : $Xarrow \mathrm{R}$ $X$ $T$
$\xi(x_{N+1})=\mu_{\tau(X_{N+1}})$
(vi) $\mu_{n}=\mu_{n}$ ($Xn+1|xn’$ un) [L $(0\leq\mu(y|x, u)\leq 1\forall(x, u, y)\in X\cross U\cross X)$
$x_{n}$ u $B(x_{n}, u_{n})$
:
$\mu_{n}(x_{n+1}|x_{n}, u_{n})=\mu B(x_{n’ n}u)(x_{n}+1)$ $x_{n+1}\in X$
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3 Optimistic Decision Process
$x_{1}$
:
$x_{1},$ $u_{1},$ $x_{2},$ $u_{2}$ , . . ., $x_{N},$ $u_{N},$ $x_{N+1}$
$\nu_{1}(x_{1}, u_{1})\nu_{2}(x2, u_{2})\vee\cdots\nu_{N}(x_{N}, u_{N})\xi(x_{N+1})$
:
$F_{x_{1}}^{\sigma}[\nu 1(x1, u_{1})\vee\nu_{2}(x_{2}, u_{2})\mathrm{v}\cdots\vee\nu_{N}(XN, u_{N})\xi(XN+1)]$
$=$
$(X_{2},\ldots,X_{N+1}^{\vee\{[})\in xN\nu_{1}(_{X}1, u_{1})\mathrm{v}\mathcal{U}2(x_{2}, u_{2})\cdots \mathrm{v}\nu N(_{Xu_{N})}N,\xi(X_{N1}+)]$
$\wedge[\mu_{1}(X_{2}|X1, u_{1})\wedge\mu 2(x3|X_{2}, u_{2})\wedge\cdots\wedge\mu_{N}(XN+1|XN, u_{N})]\}$
Maximize $F_{x_{1}}^{\sigma}[\nu_{1}(x_{1,1}u)\vee\nu_{2}(x2, u2)\vee\cdots\nu_{N}(xN, uN)\xi(x_{N+1})]$
subject to $(\mathrm{i})_{\mathrm{n}}x_{n+1}\simeq\mu_{n}(\cdot|x_{n}, u_{n})$ $1\leq n\leq N$ (1)
$(\mathrm{i}\mathrm{i})_{\mathrm{n}}u_{n}\in U$ $1\leq n\leq N$
3.1
(1) $\lambda_{1}\in[0,1]$ :
Maximize $F_{x_{1}}^{\sigma}[\lambda_{1}\nu_{1}(x_{1}, u_{1})\nu_{2}(x_{2}, u_{2})\cdots\nu_{N}(x_{N}, u_{N})\xi(x_{N+1})]$
subject to $(\mathrm{i})_{\mathrm{n}}x_{n+1}\simeq\mu_{n}(\cdot|x_{n}, u_{n})$ $1\underline{<}n\leq N$ (2)
$(\mathrm{i}\mathrm{i})_{\mathrm{n}}u_{n}\in U$ $1\leq n\leq N$
$X\cross[0,1]$ :




$\lambda_{n+1}$ $=$ $\lambda_{n^{\nu_{n}}}(X_{nn}, u)$
(2) $u^{n}$ :
$u^{N+1}(xN+1;\lambda N+1)$ $:=$ $\lambda_{N+1^{}}\xi(_{X}N+1)$ $x_{N+1}\in X,$ $\lambda_{N+1}\in[0,1]$
$u^{n}(_{X_{n}};\lambda_{n})$ $:=$ ${\rm Max} F_{x_{n}}^{\pi}[\lambda_{n}\vee \mathcal{U}n(xn’ u_{n})\mathrm{v}\cdots\vee\nu N(x_{N}, u_{N})\xi(_{X}N+1)$
$|(\mathrm{i})_{\mathrm{m}},$ $(\mathrm{i}\mathrm{i})_{\mathrm{m}},$ $n\underline{<}m\leq N]$




$u^{N+1}(x;\lambda)=\lambda\vee\xi(x)$ $x\in X,$ $\lambda\in[0,1]$ .
$u^{n}(x;\lambda)={\rm Max}u\in Uy\in x[u^{n+}(1\lambda y;\nu_{n}(x, u))\wedge\mu_{n}(y|X, u)]$
$x\in X,$ $\lambda\in[0,1]$ , $n=1,2,$ $\cdots,$ $N$
$u^{1}(.x_{1}; 0)$ (1)
$\pi=\{\pi_{1},$ $\pi_{2},$ $\cdots$ , \mbox{\boldmath $\pi$} $X\cross[0,1]$
$\pi_{n}$ : $X\cross[0,1]arrow U$ $n=1,2,$ $\cdots,$ $N$









$\sigma_{N}(x_{1,2}X, \ldots, x_{N}):=\tau_{N}’(x_{N;\lambda_{N})}$ .
(1)
3 . 2 . 2 ;
Maximize $F_{x_{1}}^{\sigma}[\nu_{1}(u_{1})\nu_{2}(u_{2})\xi(x_{3})]$
subject to $(\mathrm{i})_{\mathrm{n}}x_{n+1}\simeq\mu(\cdot|x_{n}, u_{n})$
$n=1,2$ .
$(\mathrm{i}\mathrm{i})_{\mathrm{n}}u_{n}\in\{a_{1}, a_{2}\}$
$\xi(s_{1})=0.7$ , $\xi(s_{2})=0.5$ , $\xi(s_{3})=1.0$




$u^{3}(_{S_{1;}\lambda})=\lambda \mathrm{v}0.7$ , $u^{3}(S_{2};\lambda)=\lambda\vee 0.5$ , $u^{3}(S_{3;\lambda)}=\lambda\vee 1.0=1.\mathrm{o}$
$u^{2}(x;\lambda)={\rm Max}\vee$ [$uyu(3y;\lambda\nu 2(u))$ A $\mu(y|X,$ $u)$ ]
$x=s_{2}$
$u^{2}(s_{2;\lambda)}$ $=$ [ $(((\lambda\vee 0.6)0.7)$ A 0.6) $(((\lambda 0.6)\vee 0.5)\wedge 1.0)\vee(1.0\wedge 0.6)$ ]




0.7 for $0.0\leq\lambda\leq 0.7$
$\lambda$ for $0.7\leq\lambda\leq 1.0$
$\pi_{2}^{*}(s_{2;\lambda)}=$
$u^{2}(s_{1}; \lambda),$ $u^{2}(s_{3;\lambda)}$ $u^{1}(x;\lambda),$ $x=S1,$ $S2,$ $S3$
$u^{2}(s_{1} ; \lambda)=1.0$ , $\pi_{2}^{*}(s_{1}; \lambda)=a_{2}$ for $0.0\leq\lambda\leq 1.0$
$u^{2}(s_{3;}\lambda)=0.9$ , $\pi_{2}^{*}(s_{3;}\lambda)=a_{2}$ for $0.0\leq\lambda\leq 1.0$
$u^{1}(s_{1}; \lambda)=0.9$ , $\pi_{1}^{*}(s_{1}; \lambda)=a_{2}$ for $0.0\leq\lambda\leq 1.0$
$u^{1}(S_{1;\lambda)}=\lambda 0.8, \pi_{1}^{*}(s_{1}; \lambda)=a_{1}$ for $0.0\leq\lambda\leq 1.0$






$\sigma_{1}^{*}(s_{1})=a2$ , $\sigma_{1}^{*}(s_{2})=a1$ , $\sigma_{1}^{*}(s_{3})=a2$
$\sigma_{2}^{*}(S_{1}, s1)=a_{2}$ , $\sigma_{2}^{*}(S_{2}, s1)=a_{2}$ , $\sigma_{2}^{*}(S_{3}, S1)=a_{2}$
$\sigma_{2}^{*}(S_{1}, s2)=a_{2}$ , $\sigma_{2}^{*}(S_{2}, S2)=a_{1}$ , $\sigma_{2}^{*}(s_{3}, s2)=a_{2}$







$\lambda_{n}(x_{1}, u_{1\cdot\cdot n1},., x-, un-1):=0\vee\nu 1(X_{1}, u_{1})\mathrm{v}\cdots\vee\nu_{n-}1(_{X}n-1, u_{n}-1)$ $2\leq n\leq N+1$
(past-value space) :
$\Lambda_{1}$ $:=$ $\{0\}$
$\Lambda_{n}$ $:=$ $\{0\vee\nu_{1}(x1, u1)\cdots\vee \mathcal{U}n-1(x_{n}-1, u_{n-1})$
$|$ $(x_{1}, u_{1}, \ldots , xn-1, un-1)\in X\cross U\mathrm{X}\cdots\cross X\cross U\}$ $2\leq n\leq N+1$
$\lambda_{n}$ $\lambda_{n}(\cdot)$
$\Lambda_{n}$
$\nu_{1}(X_{1}, u_{1})\nu_{2}(X_{2}, u_{2})\nu_{3}(x3, u3)\cdots\nu_{N}(x_{N}, u_{N})\vee\xi(xN+1)$
$=0\nu_{1}(x_{1}, u_{1})\nu_{2}(X_{2}, u_{2})\vee\nu_{3}(x_{3}, u_{3})\vee\cdots\vee\nu_{N}(x_{N}, u_{N})\xi(x_{N+1})$
.
$=\lambda_{2}(x_{1}, u_{1})\vee\nu_{2}(X_{2}, u_{2})\nu_{3}(x_{3}, u_{3})\vee\cdots\vee\nu_{N}(X_{N}, u_{N})\mathrm{v}\xi(xN+1)$
$=\lambda_{3}(x_{1}, u_{1}, X2, u_{2})\nu_{3}(x_{3}, u_{3})\cdots\vee\nu_{N}(xN, uN)\vee\xi(xN+1)$
$=\lambda_{N}(x1, u1, X2, u2, \ldots, XN-1, U_{N-1})\nu_{N}(x_{N}, u_{N})\xi(x_{N+1})$
$=\lambda_{N+1}(x_{1}, u1, x_{2}, u2, \ldots, xN, u_{N})$. $\vee\xi(x_{N}+1)$





$\Lambda_{n+1}$ $=$ $\{\lambda_{n}\nu_{n}(x_{n}, u_{n})|\lambda_{n}\in\Lambda_{n}, (x_{n}, u_{n})\in X\cross U\}$ $1\leq n\leq N$
$\lambda_{n}$ $\Lambda_{n}$ :
$u^{N+1}(x_{N+}1;\lambda_{N+1})$ $:=$ $\lambda_{N+1^{}}\xi(_{X_{N}}+1)$ $x_{N+1}\in X,$ $\lambda_{N+1}\in\Lambda_{N+1}$
$u^{n}(x_{n};\lambda_{n})$ $:=$ ${\rm Max} F_{x_{n}}^{\pi}[\lambda_{n}\nu_{n}(x_{n}, u_{n})\cdots\nu_{N}(x_{N}, u_{N})\vee\xi(x_{N+1})$
$|(\mathrm{i})_{\mathrm{m}},$ $(\mathrm{i}\mathrm{i})_{\mathrm{m}},$ $n\leq m\leq N]$
$x_{n}\in X,$ $\lambda_{n}\in$
.




$u^{N+1}(x;\lambda)=\lambda\vee\xi(x)$ $x\in X,$ $\lambda\in\Lambda_{N+1}$
$u^{n}(x;\lambda)=\mathrm{M}\mathrm{a}\mathrm{x}u\in Uy\in X\vee[u^{n+}(1y;\lambda\vee \mathcal{U}_{n}(x, u))\wedge\mu_{n}(y|X, u)]$
$x\in X,$ $\lambda\in\Lambda_{n}$ , $n=1,2,$ $\cdots,$ $N$
$u^{1}$ ( $x_{1}$ ; O) (1)
3.1
$\Lambda_{1}$ $=$ $\{0\}$
$\Lambda_{2}$ $=$ $\{\lambda_{1}\vee\nu_{1}(u1)|\lambda_{1}\in\Lambda_{1}, u_{1}=a_{1}, a_{2}\}$
$=$ $\{0\vee\nu_{1_{\backslash }}(a_{1}), 0\vee\nu_{1}(a_{2})\}=\{0\vee 0.8,0\vee 0.5\}=\{0.8,0.5\}$











$u^{3}(s_{3}; \lambda)=\lambda\vee 1.0=1.0$ $(\lambda=0.6,0.8,0.9)$
$\lambda_{2}=0.5$ 0.5 $\nu_{2}(a_{1})=0.5\vee 0.6=0.6,0.5\vee\nu_{2}(a_{2})=0.5\vee 0.9=0.9$
$u^{2}(s_{1}$ ; 0.5 $)$ $=$ $[(u^{3}(_{S_{1}};.6)\wedge 0.5)(u^{3}(S2;0.6)\wedge 0.5)\cdot(u3(s3;0.6)\wedge 0.4)]$
$\vee[(u^{3}(_{S0}1;.9)\wedge 0.9)(u(30.9)S_{2};-\wedge 0.7)(u^{3}(_{S_{3;}}0.9)\wedge 1.0)]$
$=$ $[(0.7\wedge 0.5)(0.6\wedge 0.5)(1.0\wedge 0.4)]$
$\vee[(0.9\wedge 0.9)\mathrm{v}(0.9\wedge 0.7)\mathrm{v}(1.0\wedge 1.0)]$
$=$ $[0.50.5\mathrm{v}0.4][0.9\mathrm{v}0.7\vee 1.0]=[0.5]\vee[1.\mathrm{o}]=1.0$
$\pi_{2}^{*}(_{S_{1}}; \mathrm{o}.5)$ $=$ $a_{2}$
$u^{2}(s_{2;0}.5)$ $=$ [ $(0.7$ A0.6) $(0.6\wedge 1.0)(1.0\wedge 0.6)$ ]





4 Dual Fuzzy Dynamic Program
(1) :
minimize $\overline{F}^{\sigma}[\overline{\mathcal{U}_{1}}(x_{1}, u1)\wedge\overline{\nu_{2}}(X_{2,2}u)\mathrm{A}\cdots\wedge\overline{\nu_{N}}(x_{N}, u_{N})\wedge\overline{\xi}(x_{N+1})]$
subject to $(\mathrm{i})_{\mathrm{n}}’x_{n+1}\simeq\overline{\mu_{n}}(\cdot|x_{n}, u_{n})$ $1\leq n\leq N$ (4)
$(\mathrm{i}\mathrm{i})_{\mathrm{n}}$ $u_{n}\in U$ $1\leq n\leq N$
$\overline{F}^{\sigma}[\overline{\nu_{1}}(X_{1}, u_{1})\Lambda\overline{\nu 2}(X_{22}, u)\wedge\cdots\wedge\overline{\nu_{N}}(X_{N}, u_{N})\wedge\overline{\xi}(x_{N+1})]$
$=$
$(x_{2}, \ldots,x_{N}\bigwedge_{)+1\in xN}\{[\overline{\mathcal{U}_{1}}(_{X_{1},u}1)\wedge\overline{\nu_{2}}(_{X_{2}}, u_{2})\mathrm{A}\cdots\wedge\overline{\nu N}(_{Xu_{N}}N,)\wedge\overline{\xi}(X_{N1}+)]$




$U^{N+1}(x_{N+1}; \lambda_{N+1})$ $:=$ $\lambda_{N+1^{\wedge}\xi(X}N+1)$ $x_{N+1}\in X,$ $\lambda_{N+1}\in[0,1]$
$U^{n}(x_{n};\lambda n)$ $:=$ $\min\overline{F}_{x_{n}}^{\pi}[\lambda_{n}\wedge\overline{\nu_{n}}(\chi_{n}, ur\iota)\wedge$ $\cdot$ . . $\wedge\overline{\nu_{N}}(x_{N}, u_{N})\mathrm{A}\overline{\xi}(x_{N+1})$
$|(\mathrm{i})_{\mathrm{m}}’,$
$(\mathrm{i}\mathrm{i})_{\mathrm{m}}$ $n\leq m\leq N]$
$x_{n}\in X$ , $\lambda_{n}\in[0,1],$ $1\leq n\leq N$.
4.1 ( )
$U^{N+1}(X;\lambda)=\lambda\wedge\overline{\xi}(x)$ $x\in X$ $\lambda\in[0,1]$ .
$U^{n}(x; \lambda)=\min_{u\in U}\bigwedge_{y\in x}[U^{n+}1(y;\lambda\wedge\overline{\nu_{n}}(X, u))\vee\overline{\mu_{n}}(y|X, u)]$
$x\in X,$ $\lambda\in[0,1]$ , $n=1,2,$ $\cdots,$ $N$
42( ) (1) (4) $u_{n}$
$\ovalbox{\tt\small REJECT}$ :
$\overline{U^{n}}(X;\lambda)=u^{n}(x;\overline{\lambda})$ $\forall x\in X$ , $\lambda\in[0,1]$ , $1\leq n\leq N+1$
(4)
$\lambda_{1}’:=0$
$\lambda_{n}’(x1, u1, \ldots , x_{n-1}, u_{n}-1):=1\wedge\overline{\nu}_{1}(X_{11}, u)\wedge\cdots\wedge\overline{\nu}_{n-1}(x_{n-}1, u_{n-1})$ $2\leq n\leq N+1$
$\Lambda_{1}’$ $:=$ {1}
$\Lambda_{n}’$ $:=$ $\{1\wedge\overline{\nu}_{1}(x_{1}, u1)\wedge\cdots\wedge\overline{\nu}n-1(x_{n-}1, u_{n-1})$





$\Lambda_{n+1}’$ $=$ $\{\lambda_{n^{\wedge\overline{\nu}}n}(X_{n}, u_{n})|\lambda_{n}\in\Lambda_{n}’, (x_{n}, un)\in x\cross U\}$ $1\leq n\leq N$
$\lambda_{n}$ $\Lambda_{n}’$
43( )
$U^{N+1}(_{X};\lambda)=\lambda\wedge\overline{\xi}(_{X)}$ $x\in X$ $\lambda\in\Lambda_{1}’$ .
$U^{n}(_{X}; \lambda)=\min_{u\in U_{y}}\bigwedge_{\in^{x}}[U^{n+1}(y;\lambda\wedge\overline{\nu_{n}}(_{Xu)},)\mathrm{v}\overline{\mu_{n}}(y|X, u)]$
$x\in X,$ $\lambda\in\Lambda_{n}’$ , $n=1,2,$ $\cdots,$ $N$
$\Lambda_{n}$ $\Lambda_{n}’$
4.1 ( )
$\overline{U^{n}}(x;\lambda)=u(n\overline{\lambda}x;)$ $\forall x\in X$ , $\lambda\in\Lambda_{n}’$ , $1\leq n\leq N+1$
$\Lambda_{n}’=\{\overline{\lambda}|\lambda\in\Lambda_{n}\}$ $1\leq n\leq N$
3.1
minnimize $\overline{F}_{x_{1}}^{\sigma}[\overline{\nu_{1}}(u_{1})\wedge\overline{\nu_{2}}(u_{2})\wedge\overline{\xi}(x_{3})]$
subject to $(\mathrm{i})_{\mathrm{n}}x_{n+1}\simeq\overline{\mu}(\cdot|x_{n}, u_{n})$
$n=1,2$ .
$(\mathrm{i}\mathrm{i})_{\mathrm{n}}u_{n}\in\{a_{1}, a_{2}\}$
$\overline{\xi}(s_{1})=0.3$ , $\overline{\xi}(s_{2})=0.5$ , $\overline{\xi}(s_{3})=0.0$
$\overline{\nu_{2}}(a_{1})=0.4$ , $\overline{\nu_{2}}(a_{2})=0.1$ ; $\overline{\nu_{1}}(a_{1})=0.2$, $\overline{\nu_{1}}(a_{2})=0.5$
$\underline{\overline{\mu}(X_{t+1}-|x_{t},a_{1})}$
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